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Abstract

We analyze derivative asset trading in an economy in which agents face both ag-
gregate and uninsurable idiosyncratic risks. Insurance markets are incomplete for
idiosyncratic risk and, possibly, for aggregate risk as well. However, agents can ex-
change insurance against aggregate risk through derivative assets such as options.
We present a tractable framework, which allows us to characterize the extent of risk-
sharing in this environment. We show that incomplete insurance markets can explain
some properties of the volume of traded derivative assets, which are difficult to explain

in complete market economies.
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1 Introduction

The pricing and allocation of derivative assets (such as options) have not been analyzed in
infinite-horizon incomplete market economies, although these environments could help to
explain some properties of derivative asset prices and traded volumes, which are difficult to
rationalize in complete market environments. For instance, the traded volumes of derivative
assets exhibit some correlation with aggregate risk: the greater the aggregate uncertainty,
the higher the volatility of asset prices and the larger the traded volumes of options. This
stylized fact is reported for instance in Buraschi and Jiltsov (2006) and in Lakonishok, Lee,
Pearson, and Poteshman (2007). This pattern for the volume of derivative assets cannot be
justified in models where markets are complete before the introduction of derivative assets.
E| In those setups with redundant derivative securities, the volume of traded assets does
not play any role. Models with incomplete insurance markets for idiosyncratic risks are
obvious candidates to explain these properties. Indeed, agents facing different exposures to
uninsurable risk may value aggregate risk differently and thus may be willing to exchange
aggregate risk, as shown by Franke, Stapleton, and Subrahmanyam (1998) in a two-period
economy

The goal of this paper is to analyze theoretically the prices and allocations of derivative
assets for the aggregate risk, in an infinite-horizon incomplete market economy. Our anal-
ysis is based on a methodological contribution that enables us to prove the existence of the
equilibrium and to characterize it in an environment featuring aggregate and idiosyncratic
risks simultaneously. Our equilibrium relies on the assumption that only a small volume of
assets is available for agents to self-insure themselves. This small-trade equilibrium allows
for theoretical investigation with both positive trades and aggregate shocks. It has been
used to study the yield curve in Challe, Le Grand and Ragot (2013). Here, we extend the
analysis to derivative assets by enabling agents to face different exposures to individual
risks. No-trade equilibrium models, as in Constantinides and Duffie (1996) or in Krusell,
Mukoyama, and Smith (2011), belong to another class of incomplete market models al-
lowing for theoretical investigation. However, these no-trade equilibrium models are (by
construction) not well-suited for analysing the volume of traded options.

The type of derivative assets we consider are option contracts contingent on aggregate
risk. Two reasons motivate our choice. First, Ross (1976) showed that options contribute
to complete markets for the exchange of aggregate risk and are thus efficient risk-sharing
instruments. Second, options are one of the most common insurance contracts against
aggregate risk in actual financial markets. Thus, the empirical properties of these securities

are well-established. The analysis could easily be extended to other derivative assets.

'In this framework, derivative prices can be determined using portfolio replication, as pionnered in the
seminal contributions of Black and Scholes (1973) and Merton (1973).



We characterize the price and allocation of options in this economy. We show that
derivative assets are traded because the valuation of aggregate risk differs across agents,
generating variations in the volume of traded derivative assets which are consistent with
the data. Our simple model allows us to identify various mechanisms that determine risk-
sharing for the aggregate risk. We consider our paper as a complement to quantitative
works in more general environments. As these environments are not tractable (since they
generate a large amount of heterogeneity across agents), they have to be simulated us-
ing computational methods (see Krusell and Smith, 1998 among many others). They are
thus less transparent in terms of identification of the underlying mechanisms. Our paper
also contributes to the equilibrium option pricing literature. Besides market incomplete-
ness already mentioned above, two other reasons, which are heterogeneous preferences or
heterogeneous beliefs, can be found in the literature to justify option tradingﬂ

Finally, it is noteworthy that the irrelance result of Krueger and Lustig (2010) does not
apply in our setup. Krueger and Lustig have characterized conditions for which incomplete
insurance markets do not matter for asset pricing. This irrelevance result relies on the
assumption that the marginal utility of all agents is homothetic with the same degree,
which does not hold in our setup. Indeed, agents are endowed with different marginal
utilities that are not necessary homogeneous, because agents have access to production
technologies depending on their (uninsurable) idiosyncratic status.

The remainder of the paper is organized as follows. Section 2 presents the environment
and Section 3 describes our equilibrium. Section 4 gathers our results on prices and volumes

of derivative assets. Section 5 concludes.

2 The environment

2.1 Risks and securities

We consider a discrete-time economy populated by two types of ex-ante infinitely-lived
agents (the heterogeneity will be made clearer later). Each population i = 1,2 is distributed

on a segment J; of size 1 according to a non-atomic measureﬁ

2.1.1 Aggregate risk and asset structure

Agents can trade shares of a Lucas tree, whose mass is V. At any date ¢, the price of one

unit of the tree is P;. The tree dividend payoff (y:)i>0 is stochastic and constitutes the

2See for heterogeneous preferences: Bates (2008); Bhamra and Uppal (2009); Grossman and Zhou
(1996); Weinbaum (2009); Bongaerts, De Jong and Driessen (2011). See for heterogeneous beliefs: Biais
and Hillion (1994); Buraschi and Jiltsov (2006).

3This formulation is introduced to solve issues when applying the law of large numbers to a continuum
of random variables (e.g., Feldman and Gilles (1985) and Green (1994)). From now on, we assume that
the law of large numbers applies.



single aggregate shock of the economy. This aggregate shock, which can take n different
values {y1,...,yn}, evolves as a time-homogeneous Markov chain. Transition probabilities
of moving from state k to state [ (k,l =1,...,n) are denoted by ;.

In addition to shares of the Lucas tree, agents can write contracts conditional on the
realization of the aggregate shock. More specifically, agents can trade H call options, whose
payoff depends on the (endogenous) price P; of the risky assetﬂ The option h=1,..., H
is characterized by a strike price or exercise price (in short, a strike), which depends on
the state of the economy and is denoted by K”(y;). The option h purchased in period
t with the price Qé‘, pays off in period ¢t + 1 the maximum of zero and the difference
between the asset price at ¢t +1, Py, 1, and the strike K" (), i.e., (Pt+1 - Kh(yt))+ (where
t € R+t = max(t,0)).

Since the strike can depend on the aggregate state, the market structure is contingent
on the state of the economy. Nevertheless, the strike is deterministic because it depends on
the aggregate state at the purchase date and not at the payoff date. The case of constant

strike for each option is a special case.

2.1.2 Idiosyncratic risk

In addition to the risky asset above, agents may invest in a productive technology. This
investment is conditional on the arrival of investment opportunities, which may randomly
vanish or appear in every period, and which are specific to every agent. We assume that
this individual production (or opportunity) risk can neither be avoided nor insured and
that it therefore constitutes an idiosyncratic risk, which agents must face on top of the
previous aggregate risk. When the productive technology is available, agents are said to
be productive (class p) and are able to freely invest in it. When it is not available, the
so-called unproductive (class u) agents can only invest a fixed and suboptimal amount § in
the production technology. This production risk can be interpreted as a labor /employment
risk or as an entrepreneurial riskﬁ

We assume that individual opportunity risk follows an independent first-order Markov
chain, which is different for both types. When productive and being able to invest in the
productive technology, type-i (i = 1, 2) agents face a probability o’ of becoming unproduc-
tive, and thus a probability 1 — o’ of remaining productive. When unproductive, type-i
agents face a probability p’ of remaining unproductive. Transition probabilities being con-
stant, the long-run fraction n’ of type-i productive agents equals: 7’ = 1_7pzz The initial

. 1+at—p
fraction of productive agents is also assumed to be 1’ to avoid transitory dynamics.

4To avoid confusion, we devote the term asset to tree shares while security may designate either the
option or the asset. Derivative assets can also be named options.

®Idiosyncratic risk is modeled in a similar way in Kiyotaki and Moore (2005, 2012), Kocherlakota (2009)
and Miao and Wang (2013).



Transition probabilities o’ and p° are different among the two population types. These
different severities of the idiosyncratic risk is the sole source of ex-ante heterogeneity among
agents. Ex post, agents of both types will differ according to the realization of their
idiosyncratic shock. Derivative trading will result from the impact of this heterogeneity
on the valuation of aggregate risk. Without loss of generality, we assume that type-1
productive agents face a higher probability of becoming unproductive and thus a higher

individual risk: a! > a?2.

2.2 Agent’s program

In each period, agents enjoy utility from consumption of a single good and suffer from the
effort invested in the productive technology. Preferences are separable over time, in both
consumption and effort and are represented by the instantaneous utility function u(c) — e,
where the consumption is denoted ¢ and the effort e. The function v : RT — R is twice
differentiable, increasing and concave. We follow Scheinkman and Weiss (1986) and Lagos
and Wright (2005), in assuming that agents have a linear disutility of effort. Instantaneous
preferences are discounted by a common factor of 5 € (0, 1), representing the time decay.
We discuss below the implications of the linear disutility of effort.

The program of a type-i agent consists in maximizing his intertemporal utility under
a set of constraints by choosing consumption, investment in the productive technology (if
possible), asset and options demand, which are denoted respectively ci, ef, ! and s?’i
(h =1,...,H). The operator Ey|-] is the unconditional expectation over the aggregate

and idiosyncratic shocks.
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Agents of type ¢ = 1,2 maximize their expected intertemporal utility , subject to a
set of constraints (2)—(7) and initial security endowments and shocks (equation (g)). In
constraint , total resources made up of production income (or inefficient production
for the unproductive), asset dividends and asset-sale values are used to consume and to
purchase assets. The second condition states that both consumption and effort are
positive, which will always be the case in all of the equilibria that we consider. The
borrowing constraints stating that agents are prevented from holding a negative wealth
appears in equation , while the one preventing them from selling the tree short is
in equation . Condition @ imposes a constraint stating that only the risky asset
can be used as collateral. Indeed, with more than 2 options, an agent facing and a
binding constraint on asset holding (xi’j = 0) could still use derivative assets for leverage.
The agent could sell some options to buy other options, while respecting the constraint
22:1 Q,’}s? 7 = (. These portfolios are not relevant for our analysis because options are

not used to hedge against the risky asset. Equation sets out transversality conditions.

2.3 Equilibrium definition

We begin with expressing the security market clearing conditions. On one side, the security
supply is equal to V for the asset and 0 for options. On the other side, we have to express
aggregate individual security demands to compute the total security demand. To do so, we
describe the distribution of type-i agents as a function of their security holdings and labor
status using the probability measure A} : B(R)' x B(E*) — [0,1)| This probability
measure can be interpreted as follows: Ai(X,S',..., S I) (with (X,S',...,87 I) ¢
B(R)!*H x B(E!)) is the measure of agents of type i, with asset holding x € X, option
positions s € S" (h = 1,...,H), and with an individual history ¢ € I. Using the

probability measures A’, the market-clearing conditions become:

Z / cAi(dx,dst, ... ds"T,de) =V, (9)
=12 RI+H x gt
Z/ SN (d,dst, . ds™ dg) =0 (h=1,..., H). (10)
=127/ RITHXE!

The Walras law guarantees that the good market clears when the security markets clear.

In this economy, a sequential competitive equilibrium can then be defined as follows:

Definition 1 (Sequential competitive equilibrium) A sequential competitive equilib-
rium is a collection of consumption and effort levels (ct, e})i>0, of asset demands (z%)i>0, of

derivative demands (stl’i, . sfl’i)tzo fori = 1,2 and of security prices (P, Q}, ..., Q) 1>0

SFor any metric space X, B(X) denotes the Borel sets of X.



such that for an initial distribution of security holdings, and of idiosyncratic and aggregate

shocks {(z* 1, 5521 . ,sfl’f, €8)i=1,2,Y0}, we have:
1. individual strategies solve the optimization program when prices are given;

2. security prices adjust such that security markets clear at all dates and equations (@

and (@ hold;

3. the evolution of the probability measures A} and A? is consistent with individual

choices.

3 Reduced heterogeneity equilibrium

In heterogeneous-agent economies featuring both aggregate and uninsurable idiosyncratic
shocks, it is usually not possible to explicitly derive the equilibrium. Indeed, it involves an
infinite distribution of agents, who all have different individual histories. The usual strategy
consists in computing approximate equilibria. In this paper, we derive an equilibrium where
the heterogeneity in insurance demand can be computed with paper and pencil.

This equilibrium is based on two assumptions. The first, already introduced, is the
linearity of the disutility in effort. When productive, agents freely adjust their effort to
attain a constant marginal utility of consumption, equal to 1. All productive agents thus
consume the same amount. This assumption enables to reduce the heterogeneity across
productive agents. Our second assumption is that the supply V of the asset remains small
enough such that even after selling off their entire portfolio, unproductive agents remain
credit-constrained. The asset quantity is not sufficient for agents to overcome their credit

constraint after becoming unproductive.

3.1 Equilibrium existence
The following proposition summarizes our existence result.
Proposition 1 (Equilibrium existence) If:

1. the following condition holds:

1—
1 <d/(6) < 1+6alﬁ’ (11)

2. the mass V' of the tree is not too large,
3. the heterogeneity in idiosyncratic risk is limited (o' close to a?),

then there exists a limited-heterogeneity equilibrium characterized by equations f.



We prove the existence of the limited-heterogeneity equilibrium in two steps: (i) we
prove the result in an economy where both agent types face the same individual risk
and where the asset supply is null; (ii) we extend the result by continuity to small asset
supplies and not too different idiosyncratic risk. As far as we know, Miao (2006) proves the
sole general existence result in an economy featuring asset trades, credit constraints, and
idiosyncratic and aggregate risk. We present here a “local” existence result, which allows
for long-lived assets. Our equilibrium is a generalization of the equilibrium constructed in
Challe, LeGrand and Ragot (2013) to study the term structure of interest rates. Notice
that we rule out sunspot equilibria: Contrary to Bowman and Faust (1997) or Karpoff
(1987), options cannot play any role in our economy when the market is complete for the
aggregate risk before the introduction of options.

Our limited-heterogeneity equilibrium exists under four conditions. Two of them are
embedded in equation . The first one, v/ (§) < 1+ 15_7’?, ensures that asset prices
are well-defined. If this condition does not hold, the price will be infinite because agents
are too patient or their desire to self-insure is too high. This existence condition is less
binding when the discount factor £ is low or the idiosyncratic shock is not too severe.
The second condition, 1 < u/(¢), implies that unproductive agents are worse off compared
to productive agents. The inefficient production level ¢ is thus not desirable. The third
condition is that the asset volume remains small enough. Agents cannot hold too large an
amount of assets to self-insure against idiosyncratic risk. The wealth constraint is binding
for all unproductive agents. The fourth condition is that the heterogeneity remains limited,
such that both agent types participate to both security markets. Intuitively, if agents face
very different idiosyncratic risks, type-1 agents may be willing to pay a high price to self-
insure against idiosyncratic risk. At such a high price, type-2 agents would like to short-sell

the asset but, since they are prevented from doing so, options would not be traded.

3.2 Equilibrium characterization

Our equilibrium presents three particular features: (i) all unproductive agents are credit
constrained and only productive agents trade assets; (ii) saving choices and asset demands
of productive agents only depend on the current aggregate state and the agent’s type;
(iii) security prices only depend on the current aggregate state.ﬂ We therefore now use the
subscript £ = 1, ...n instead of ¢ for equilibrium variables. The equilibrium is characterized
by a finite sequence of 3(1+ H)n variables (zt, s,lﬂ’i, e sf’i, P.,QL, ..., Qf)f;ll’f”’n instead
of continuous distributions as in standard incomplete market models.

We now characterize the equilibrium by construction. Productive agents equalize the

marginal utility of consumption to the marginal pain of effort equal to 1. As a consequence,

"Such equilibrium features, particularly that unproductive agents do not trade, are also present in
Kiyotaki and Moore (2005, 2012), and Miao and Wang (2013).



the consumption of any productive type-i agent, ¢, satisfies u'(cP?) = 1E| Second, budget
constraints provide the consumption and the effort of every agent as a function of the
current and past aggregate and idiosyncratic shocks. For instance, a type-i agent who was
productive in t — 1 in state k, and is unproductive in ¢ in state j, consumes cﬁ” equal to

the production ¢ plus the liquidation value of his portfolio:
) H
=0+ (Pt y)wh+ Y (P — Kp)tspt (12)
h=1

By the same token, the consumption and effort of any agent can be shown to depend
on his type and on the current and past aggregate and idiosyncratic shocks. The number
of consumption levels is then finite (16 at most).

We now express the pricing kernel Mti,t 41 = Bu(chy)/ u/(c}) of agents participating
in financial markets, which determines equilibrium security prices. A type-i productive
agent at ¢ in state k, has a marginal utility of consumption equal to 1. His next period
marginal utility depends on his productive status in period t + 1. If he stays productive
(with probability 1 — o), his marginal utility will be 1. If he becomes unproductive, his
consumption will be given by equation . Let j be the aggregate state at date ¢ 4 1.
Then the pricing kernel M ,z ; of this type 7 agent is:

H
Mj; = By, (1 + o (u/ (5 + (P +y)zh+ > (P — K{;)*sZ’i> - 1)) . (13)

h=1
Two conditions ensure that unproductive agents of both types do not hold securities.
First, Pa/(¢f) > BE[u/ (¢}, 1)(Pip1 + ye+1)] ensures that they do not hold the asset while
M/ (c) > BEW(ciq)(Piy1 — K)T] (for any h) ensures that they will not hold any
option. These conditions simply mean that security prices are too high for unproductive
agents. They can be expressed as a function of the variables characterizing the equilibrium

(%, siz, . ,skH’i, P, Qk, ... va )l 1.2 ,, and are shown to hold in equilibrium.

We summarize the full equlhbrlum structure in the next proposition.

Proposition 2 (Equilibrium properties) The reduced-heterogeneity equilibrium char-

acterized by the set of quantities and prices (%v si:, P, Qk)iifg solves the following equa-

8The marginal utility of productive agents is constant and independent of the consumption level. The
irrelevance result of Krueger and Lustig (2010) therefore cannot apply in our setup. Indeed, as explained
in the introduction, their result relies on the assumption that all marginal utilities are homogeneous with
the same degree, which implies aggregate shocks have the same impact on asset prices no matter the degree
of market incompleteness.



tions (k=1,...,n, h=1,...,H andi=1,2):

n H
Pe=B> mj(l+a (W@ + (P +y)ah+ Y (P — K Tsp) = D))P+y;)  (14)
j=1

>
Il
—

(P — KL)*sih) — D)2 — K)* - (15)

M=

Qr =B w1+ (W (S + (P +y;) zh +

j=1 =1
V=0 ay 4 ag, (16)
0=nt 32’1 +7? 32’2. (17)

The equilibrium is characterized by four sets of equations (which amount to 3(1+ H)n
equations). The first set, , concerns the price of the asset. It equates the asset price
in each state of the world to the expectation of the asset payoff discounted by the pricing
kernel, . Equations have a similar interpretation, equalizing the option price to
the expected option payoff discounted by the pricing kernel. Finally, the last two sets
of equations, and , are the market clearing conditions for the asset and the H
options in the n states of the world. Equilibrium quantities must also verify the set of
inequalities and in Appendix that guarantee that unproductive agents do not
trade any financial asset.

Moreover, effort quantities of productive agents at the equilibrium are strictly interior.
First, they cannot be infinite, or it would otherwise imply that budget constraints are not
binding, which would be dominated by consuming up to the budget constraints. Second,
effort quantities are positive at the equilibrium, since they are determined by the budget
constraint (2)) in which security holdings are small.

These equations can easily be simulated. More importantly, this equilibrium allows
us to derive theoretical insights about the exchange of insurance against aggregate risk

throughout the business cycle. Our main theoretical findings are provided in Section [4]

4 Interactions between aggregate uncertainty and heterogene-
ity

In this section, we make additional assumptions to derive theoretical results about the effect

of aggregate uncertainty and heterogeneity on risk sharing. These results characterize the

price and volume of derivative assets in the business cycle.

4.1 The simple economy

We consider an economy with two aggregate states and a single option: n =2 and H = 1.

We denote by a subscript G (B) the good (bad) state: yg > yp. Conditions of Proposition

10



are supposed to hold and an equilibrium exists. We make three additional assumptions.

1. Aggregate states are persistent, i.e. mga + 7 > 1.
To avoid the discussion of uninteresting cases, we assume that all eigenvalues of the
transition matrix for the aggregate risk are positive; this implies that aggregate states

are persistent and do not fluctuate too frequentlyﬂ
2. The utility function u is such that:

u’(6+ X)

X =X G+ X -1

is increasing for X € [0,u/~(1) — ). (18)
This assumption is quite general as it always holds for standard utility classes such
as CRRA, CARA, and quadratic utilities. This condition determines the direction of
risk sharing. Indeed, it describes how the difference in marginal utilities between be-
ing non-productive and being productive (i.e. u'(6+ X )—1, which can be interpreted
as the extensive cost of losing a production opportunity) vary with better insurance.
Notably, it implies that the extensive cost of losing a production opportunity dimin-

ishes when security payoffs increase.

3. The strike K of the option is such that the option exactly pays off in one state of the

world.
This condition guarantees that the option is not a trivial asset. There are two other
cases, which are uninteresting. (i) The strike is always greater than the asset price.
The option then never pays off and cannot be considered as an actual asset. (ii) The
strike is always smaller than the asset price. The option then pays off in both states
of the world and is thus redundant with the asset.
This assumption is obviously stated as an equilibrium requirement but corresponds
to implicit conditions on deep model parameters. Moreover, the strike can be con-
structed as follows. In the zero supply economy (V' = 0), the option cannot be traded
and the option introduction has no impact on asset prices. It is straightforward to
pick up a proper strike. Since an increase in the asset supply continuously modifies
asset prices, it remains possible, when asset volume is positive, to choose a strike for
the option to pay off in exactly one state of the world.
With our assumption (and in particular the persistence of aggregate states), the asset
price in the good state can be shown to be larger than in the bad one. The option
therefore only pays off in the good state of the world.

Following the above assumption, the two states of the world correspond to two non-

redundant securities (the asset and the option). Markets are thus complete for the ag-
gregate risk. Equations to then imply that every agent type holds a security

9For instance, Hamilton (1994, chapter 22) finds mae + 7p = 1.65 for quarterly US data.

11



portfolio, which is independent of the state of the world. We can therefore simplify the
equilibrium defined by equations to . The equilibrium is characterized by eight
variables {xl, z2,s', 5%, Pg, P, Qq, QB} together with the following eight equations:

o (W (0 + (Pp+yp)et) — 1) =a? (W' (0 + (P +yp)z?) — 1) (19)
o (W (64 (Pe+ya)z' + (Po — K)s') —1) = (W' (0 + (Pa + yg)2* + (Pe — K)s*) — 1) (20)
Py, =Bmpc (L+a, (W (0 + (Po +yg)z' + (Po — K)s') — 1)) (Pa + ya) (21)
+ Bk (L+ oy (v 0+ (P +yp)a') —1)) (Ps +ys), k=G, B
Qi = Brpe (L+ o, (W (0+ (P +yg)z' + (Po — K)s') = 1)) (Pc — K), k=G, B (22)
V =ntat +n?a2? (23)
0=n's! 41?2 (24)

Equations and stem from the market completeness for aggregate risk. These
equations guarantee that both agent types participate in both financial markets and that
they manage to equalize their expected marginal utility (expectation with respect to in-
dividual risk) across both states of the world. Equations and are the pricing
equations for the asset and the option in each state of the world. The pricing is made only
by type-1 agents but, thanks to and , it is the same for type-2 agents. Finally,
equations and are two market clearing conditions. Propositions gather our

main results derived from the analysis of this equilibrium.

4.2 Portfolio compositions

The next proposition characterizes equilibrium portfolios.

Proposition 3 (Agents’ portfolios) Type-1 agents, facing a greater risk of becoming
unproductive, choose to hold a greater quantity of assets than type-2 agents, i.e. x* > x> >

0. Further, type-1 agents sell options to type-2: s' < 0 < s2.

Since options only pay off in the good state of the world and not in the bad, both
agent types choose the quantity of assets, ! and 2, so as to equalize their marginal
utility in the bad sate of the world (equation ) Type-1 agents, who are more likely to
become unproductive, purchase a greater quantity of assets to self-insure against the risk of
losing the production opportunity in the bad state. Option holdings are determined by the
equalization of expected marginal utilities in the good state of the world (equation (20))).
In the good state, the asset is a better insurance device than in the bad state (because of
its higher sale price and higher dividend), which benefits type-1 agents more (since they
hold more assets and since condition holds). As a consequence, type-1 agents sell

options in order to reduce the liquidation value of their portfolio in the good state of the

12



world. On the other hand, type-2 agents purchase options to improve their hedging in the
good state of the world.

From a financial point of view, type-1 agents choose a kind of “delta-hedging” strategy
in equilibrium, in the sense that they optimally hold a portfolio that is less affected by
variations in the underlying asset price than it would be without options.

These results are not straightforward to compare with the ones of Franke, Stapleton,
and Subrahmanyam (1998). Indeed, the latter consider an alternative representation of
uninsurable risk and a complete set of derivative assets depending on the aggregate payoff
of the economy (and not, as we do, derivative assets on the price of the underlying asset).
Franke, Stapleton, and Subrahmanyam (1998, Theorem 3) find that agents with relatively
high idiosyncratic risk tend to buy claims with convex payoffs and those with relatively low
idiosyncratic risk tend to sell those claims. Although they manage to nicely characterize
individual sharing rules, they do not study the implications of idiosyncratic risk on the
volume of traded options. Conversely, we specify the market structure of derivative assets
to be able to characterize option volumes (and thus the exchange of insurance on the
aggregate risk) along the business cycle. However, note that our results could be consistent
with Franke, Stapleton, and Subrahmanyam (1998)’s, if we introduce further heterogeneity.
For instance, assume that type-1 and type-2 agents have different suboptimal production
levels 6' and 62. We can then prove that type-1 agents can buy call options to type-2
agents, even if the former have a higher probability a! to be unproductive (i.e., a higher
probability to face a bad idiosyncratic outcome) than the latter. Lemma [2[in Section [F|of
the Appendix formally states and proves this result. Even if this is possible in our setup,
our initial modeling choice is supported by many empirical studies using micro-level data
on both households and institutional investors. In particular, investors facing a severe
individual risk are mainly found to hold less risky assets or to participate less in financial
markets[1]

One may also wonder what would be the consequences of the introduction of a riskless
asset, which seems to be a natural extension of our setup. In Appendix [G] we prove
that our results still hold and are compatible with the fact that high-risk agents hold less
risky portfolios than low-risk agents. In a three-state economy with three non-redundant
securities (bonds, stocks and calls), high-risk agents purchase more bonds than low-risk
agents, and always sell calls to hedge their stock portfolios. High-risk agents therefore
hold more riskless assets and better hedged portfolios of stocks and options. Proposition
gathers these findings. This result is consistent with Krusell and Smith (1997), who
numerically show that in an economy with only riskless bonds and risky stocks, low-wealth
households hold only bonds and high-wealth households hold all the stocks.

For example, see Haliassos and Bertaut (1995) for a study on U.S. households and Guiso, Jappelli and
Terlizzese (1996) for one on European households.
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We now explain how aggregate uncertainty may affect security holdings and prices.

This is the main theoretical result concerning the dynamic behavior of option volumes.

Proposition 4 (Aggregate uncertainty effects) An increase in aggregate uncertainty
through a mean-preserving spread in dividends in the vicinily of the riskless equilibrium

(i.e. yo = yp) has the following consequences:

1. The asset price rises in the good state and falls in the bad state, while the average

price remains unchanged;
2. The option price increases in both states, but more in the good than in the bad state;

8. The higher the volatility of dividends, the greater the volume of options traded.

We consider a mean-preserving spread in dividends, which increases aggregate uncer-
tainty while remaining close to the riskless equilibrium. While the asset payoff in the bad
state of the world, Pg + yp, decreases, the asset payoff in the good state, Pg + yg, in-
creases. Due to the aggregate-state persistence, the spread between asset prices in both
states therefore increases with the mean-preserving spread even though the average price
does not change (result 1). The option payoff, Pz — K, increases in the good state and
still pays off 0 in the bad one. As a consequence, the price of the option increases in both
states. Moreover, since aggregate states are persistent, this increase is greater in the good
state of the world (result 2).

This mean-preserving spread in dividends also has an impact on portfolio compositions.
Due to a smaller dividend in the bad state, type-1 agents, who are more likely to be
unproductive, purchase a greater quantity of assets to obtain sufficient hedging in the bad
state of the world to equalize marginal utility with type-2 agents (equation ) They
consequently sell a greater quantity of options in order to reduce the portfolio liquidation
value in the good state of the world (equation ), while type-2 agents purchase these
options in order to increase their hedging in the good state of the world, causing the
quantity of traded options to increase (result 3). Our model is therefore able to reproduce
the stylized fact that the open interest of options, i.e. the number of open contracts, which
is similar to |s'| in our economy, rises as asset prices become more volatile. This stylized
fact has been empirically highlighted for options on the S&P 500 by Buraschi and Jiltsov
(2006) or Lakonishok, Lee, Pearson, and Poteshman (2007).

The degree of market incompleteness also has consequences for portfolio composition.

These results are given in the next proposition:

Proposition 5 (Heterogeneity effects) An increase in the production opportunity risk
for type-1 agents (i.e. a higher ') in the vicinity of the symmetric equilibrium (i.e. o =

a?) has the following consequences:

14



1. The prices of both securities increase in both states of the world, but more in the good
state than in the bad;

2. Type-1 agents purchase more assets and sell more options.

Greater heterogeneity therefore increases the volume of traded options.

We now consider an increase in the opportunity risk for type-1 agents (i.e. a higher
al) in the vicinity of the symmetric equilibrium. Type-1 agents experience a greater
probability of becoming unproductive. They therefore express a greater demand for self-
insurance, resulting in higher prices for both securities. The price increase is greater in
the good state of the world, when both securities are a better hedge against having no
production opportunities, due to aggregate-state persistence (result 1). The increase in
demand for insurance by type-1 agents translates into a greater demand for the asset for
insurance in the bad state of the world (equation ) and into a greater quantity of
options sold for insurance in the good state of the world (equation (20))), which proves the
second point of Proposition

Another avenue to understanding the results of Proposition [5] consists in directly inter-
preting the probability o' as a parameter driving the strength of the demand for securities.
Indeed, o' drives the severity of the idiosyncratic risk and thus the demand for the self-
insurance. As stated in Proposition[5] an increase in the demand pressure through a larger
a' means, first, a greater option trading volume and a higher option price, as well as a
higher asset price. This demand-pressure channel on option prices has been empirically
highlighted, for instance by Bollen and Walley (2004). Our model therefore provides a

possible micro-foundation for this demand-pressure effect in a general equilibrium setting.

5 Conclusion

The goal of this paper is to contribute to the theoretical understanding of incomplete mar-
ket models with aggregate risk. Using a framework that endogenously generates a limited
heterogeneity equilibrium, we show that these environments are useful for understanding
both allocations and prices of derivative assets. In particular, we show that these envi-
ronments generate more option trades in bad times than in good times. A first extension
of this work could be to quantitatively investigate the properties of a calibrated model.
A second and possibly more promising application could be to use this simple model to
estimate the degree of heterogeneity from the actual data on the volume of traded options.

We leave these quantitative investigations for future research.
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Appendix

A Proof of Proposition

We proceed in two steps: (i) we prove that our equilibrium exists in an economy without hetero-
geneity and with a zero mass tree and (ii) we check that the result still holds by continuity.

First step: Equilibrium existence with zero volume and no heterogeneity. We first assume
1

a' =a? and V = 0. The asset price is given by:
Pk :B(1+O[1 (u’(é) 71))271’]”' [Pjerj]. (25)
j=1
The first part of stating that (1 +at (u'(d) — 1)) < 1 guarantees that the price Py is well
defined in any state k. The condition of non-participation of unproductive agents is: Pyu'(8) >
B+ pu'(5) — 1)) Z;—;l 7k (Pj + y;). Indeed, the collateral constraint (@ implies that agents
cannot short-sell some options to purchase other options: in absence of assets, options cannot be
traded. Using , the condition becomes: (1 + a* (v/(6) — 1)) u/(6) > v/ (§)—1 > 14p (u/(5) — 1),
which always holds whenever «/(d) > 1. No trade occurs.

Second step: Positive supply economy with one type of agent. We assume a?> = a' but

V > 0. Every (identical) productive agent holds the same asset quantity ﬁ Options are still
not traded in this economy. The asset price P in state k = 1,. .., n verifies the following equation:
P, = ﬁzn:mw» (1 +at <u’(5 + (P + yj)ﬁ) - 1>> (Pj +y,). (26)
j=1
The condition for equilibrium existence is:
Peu' (6 + (P + yk)m) > f i T (L4 p (' (8) = 1)) (P + ypr) - (27)

k=1

We can express as G(P,V) = 0, where P = (Pg)p=1,.n» € (R")" and G : (RT)" x
RT — (R™)™ is continuous and differentiable in V. The Jacobian relative to P in V = 0 is
Gp(P,0) = (1p=; — fre; (1 + (v (0) = 1))k j=1,...0 > OE This Jacobian matrix can be written
as I, — é, where I, is the identity matrix and G a matrix whose norm is strictly smaller than
one. The Jacobian Gp is invertible and the implicit-function theorem implies that defines
P as a continuous function of V around V' = 0. As condition holds for V = 0, there exists
a neighborhood W; (0) € R* where holds. We define V* € Wy (0) > 0 and P* (Q*) the
corresponding asset (option) price. The quantity of assets held by each agent is z* = TIf/TnQ > 0,
while no option is traded.

Third step: Positive supply economy with two types of agents. In the general case, equilib-
1

rium quantities (P, Q}, ..., Q%L ok, 5,16’2', R );;112 ,, are characterized by equations 1'
and must verify the following inequalities (k,fﬂ =1,...,n; h=1,..., ;1 =1,2):

H n

Pot (0 + (P + ) + Y (P — Ké)*sﬁgi) > B my (14 p(u'(8) = 1) (P +y;) (28)
=1 j=1

(Pe— KLt > 83w (L4 p(0/(6) = 1) (P +97). (29)

1 j=1

M=

Qi (8 + (Pr + yx) o +

l

1 The function 1g=; equals 1 when k = j and O otherwise.
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We proceed in a similar vein as above. We define X = ((yx)x,V, (o), a3)x) € (RT)"*1X2" a5 the
vector of parameters and Z = ((Py)k, (@M%, (x1)k, (22)k, (si)E, (z3h)h) € (RT)nxnix2nx2nl a5 the
vector of endogenous variables. We define the function F' stacking pricing functions for both agent
types and the market equilibrium equations (i.e., equations 7) such that for a given set of
parameters X, an equilibrium Z is defined as a solution of F'(Z, X) = 0.

From the previous step, we know that there exists an equilibrium for X* = ((yx)r, V*) in which

the unproductive do not trade assets; this equilibrium is defined by Z* = (P*, Q*, (z*,...,2*),02p1)-
We now show that the Jacobian A = (% (Z*, X*)) G is invertible.
j i,5=1,...,3n(1+
In the vicinity of the symmetric equilibrium, A has the following shape:
i In —A Onxnl Ka Onxn (Kal ---Kal) Onxnl i
In —A Onxnl Onxn Ka Onxnl (Kal--~Kal)
Bl Kal
- [nl Onlxn (th)g,hzl,...,l Onlxn
_ B, Ky
A= By Kl !
- Inl Onlxn : Onlxn (th)g,hzl,...,l
B Ka
Onxn Onxnl El E2 Onxnl Onxnl
Onlxn Onlxnl Onlxn Onlxn El ®Il E2 ®Il
where:

e [, is the p x p identity matrix, 0y, is the n x p null matrix, 1;x; is a column vector of
length [ containing only 1 and ® is the Kronecker product;

e Ais an n xn matrix such that A ; = Sy, ;(14a' (u/' (64 (P} +y;)z

yi)x*) (P +y5)));
e By (h=1,...,1)is an n X n matrix such that B, 1;
D1pspen +a*u” (8 + (Pf +y;)z*) (P — K1) 7T)):

*) =14z u" (04 (PF +
= Bk (1+ o (W' (6 + (P} +yj)z*) —

e E; (i=1,2)is an n x n diagonal matrix such that E; g, = n};

e K, is an n x n diagonal matrix such that K, xx = —Baj, Z _y T ju (6 + (PF +y;)x* ) (PF +
y]) 5
e K, is an n xn diagonal matrix such that K, xr = —Baj, Z?Zl ﬂ'kyju”(é—i—(Pf —l—yj)x*)(P;‘ +

yi) (P — Ki)

e K, is an n xn diagonal matrix such that Kgp pr = — B, > i T (0 (P +y;)x*) (P —
KE)* (P} — K})*.

We now prove that A is invertible. Let X =

(X1,...,Xe) € (R)"TH2m4200 X ¢ ker A implies

the following set of equalities@
Onx1= ([n—A)X1+ K. X3+ (Ka1...Kq)X5
Onx1 = (In—A)X1 + KXy + (Ka - Kal)X
Onix1 = —(B1...B)" X1+ Xo+ (Ka1 ... Ka) " X5+ (Kgn) X5 (30)
Opix1 = —(Bi...B) X1+ Xo+ (Ko ... Kat) " Xa + (Kgn) X
Onx1 = FE1X3+ FE2Xy
Onix1 = F1 QL X5+ Ey® 11 Xg

12017 denotes the transpose of the matrix M.
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Using the two first equations with the two last ones (together with the fact that any two diagonal
matrices commute), we obtain X; = 0. By the same token, using the second and third equations
with the two last ones, we obtain X3 = 0. The system simplifies to:
Onxl = KaX3+ (Kal ---Kal)X5
0n><1 = KaX4+(Ka1~~Kal)X6
Opix1 = (Bi...B)" X5+ (Kgn) X5

. 31
Opix1 = (Bl - BZ)TX4 + (th)XG ( )
Onx1 = FE1X3+ ExXy
Onix1 = E1 QL X5+ Ey® 11 Xg
Kal
Since K, is invertible, we obtain 0,;x1 = ( (K, 'Ka1 ... K Koy) — (Kg)) X5, which
Kal

implies X5 = 0,;x1. To see this, we express X5 = (X51,...,X5) € (R")! and get that for any
g=1,...,1, we have:

l

> (KagKan — KaKgn) X5, = 0. (32)

h=1
We introduce the bilinear form (:|-): YU,V € (R")?, (U|V);.c = —Bat > i1 ﬂ';wuij V; and it is
easy to check that it is an inner product. Multiplying (32) by X5, and summing for g = 1 .1, we
obtain using (])x: (Ehzl 0 X |T,)2 — (T[T, )k (thl HkX5hk|Eh:1H Xsnk)r = 0, where
U, = (P} + yj)j=1,..,n and nr = Py — K,};)j:lwm The Cauchy-Schwarz inequality implies
then that for all k, A\ Il, = 22:1 HfLXshk, which means that A\ = 0 and X5, = 0,,x1, since by
assumption option payoffs do not replicate asset payoffs. From the first equation in , we deduce
X35 = 0,x1. By the same token, we obtain Xg = 0,;x1 and X4 = 0y, x1-

We conclude that ker A = {()} and the Jacobian A in (X*, Z*) is invertible. The implicit-function

theorem proves that there exists a continuously differentiable function F such that Z = F (X) for
X close to X*. In consequence, our equilibrium exists in the vicinity of (X*, Z*).

B Proof of Proposition

From Section it is straightforward to deduce the price expressions and . Market
clearing conditions and are easily deduced from equilibrium properties (only productive
agents trade securities) and from the general market clearing conditions @D and .

As explained in Section [3:2] two conditions have to hold for preventing unproductive agents to
trade any securities. These conditions are P;u/(c}) > BE[u'(ci,1)(Pit1 + yi+1)] and QPu/(c) >
BE W (i, 1)(Piy1 — K[)*] for all unproductive agents. Plugging price expressions, we obtain the

equations and above.

C Proof of Proposition

Since a! > a2, implies that u' (6 + (Pg +yg)a') < v/ (6 + (Pp+yp)a?) and therefore
that z' > 27, since v’ is decreasing. Moreover, s' < 0 if o!(v/ (0 + (Pe +yg)z') — 1) <
)
)

6+(Potyc)z')—1 u'(§+(Pp+yp) z')—1 : .
a? (' (8§ + (Pg +yg) 2?) — 1) or if ’EEHPZH,Z) 2271 < u'(iHP;yE IZL. This holds if m —
8

u’(6+7rr1)—1

T =T is decreasing, which is guaranteed by condition |1
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D Proof of Proposition

We introduce as a benchmark the equilibrium without aggregate risk in which yq¢ = yp = y. The
asset (option) price is Pf (Q7). Options are not traded (s/* = 0) and the asset holdings of type-i
agents are denoted z/*, i = 1,2:

Pf i / 7 !
m:ﬂ(l+oﬁ(u (6+(Pf+y)mf’)fl)):PfQ_K, (33)
with: o' (u'(6 + (PT +y)2t) —1) =a® (W (6 + (PT +y)2?) = 1) 5 plalt +9?2/2 = V.
(34)

Since a' > a?, we deduce that 27! > z/2; in the absence of aggregate risk, the agent facing the
larger risk holds more assets. We also introduce the following constant x:

BP0 (5P 20?)
IR G U)o e RN e VR ER L
L w5 (P ey el ) 1w (5Pl ey el ?)

ST WPy 2l -1 7 WG+ (PTty) 27 2) -1

> 0. (35)

R =

Condition [I§] guarantees that x > 0. Before going further, we prove the following lemma:

Lemma 1 Let ® be a real continuously differentiable function of yg and yg. We denote by Vy|
(Ely]) the variance (mean) of the process y. A mean-preserving spread of y implies:

o o 1 |:2_7TGG_7TBB 8@_2—71’@@—71’33 (9‘1):| (36)
VWl pry=constant  2(¥c — yB) 1-7gp  Oyc 1 —7mca dys |’
Proof:
Defining g = %, we have yo = FEly]+(1—¢q) (‘;[ 7 and yp = E[y] —¢ q(‘;[f]q). Using
basic differential calculus, it is straightforward to derive
D.1 Quantities
Deriving (19) and (20) relative to y; in the vicinity of the riskless equilibrium yields:
oP ox
aly f fi1 B f
o+ (P 1 P
5+ P +0)o) (o8 G 11y + (P 4 ) 5 )
OP Ox
— 2" f 12 f,2 B f
o+ (P — 4+ 1= P
= a5+ (P + o) (822 4 1w + (P 405,
0P, ozt Os?
1,01 f f1 f1LG I f
6+ (P — 4+ 1= P Pl —K)—
o' (§4+ (PP +y)a )(x (é)y + li=g) + ( -I-y)al—i-( )0yz>
0P, 0x? 0s?
2,1 f f,2 G f
6+ (P 1 P Pl —K)=— ).
a5+ (P14 9)a?) (470 4 1)+ (P4 G+ (P - K) G
Note that the derivation of 1} and 1) wrt to y;, I = B, G, implies that % = ?9910/1 and ‘g;l =

—g—i. Dividing both equations by ot (v (6 + (P +y) o:/1) — 1) = a? (v (6 + (P +y) 2/?) — 1)
and after some algebra, we deduce using the definition of k that:

Ox! x> OP,
VP )5 = 2 (Pf +y) o =—h(52 +1 37
n y)ayl n°( )8yz (ay 1=5), (37)
ozt Os? ox? 0s? 0Pg
Y\Pf 4+ y)—4n'(Pf — K)—= —n*(PT +y)— — *(PT - K)=— = +1 38
n( y)ayl n( )8yl n°( y)ayl ( )ayl (81 1=c)- (38)
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D.2 Prices

Differentiating with respect to y; in the vicinity of the riskless equilibrium yields:

oP, o0P;
— z\[ § R 1._
Oy =5 g <3yz * ]l> ’

j=B,G
with: M =1+ o' (u/(6 + (PF + y)al!) — 1) (39)
‘< (1— Voo (+ (PF+y)alt) (0 + (P +y)al?)
2w (0 + (PF+y)alt) — 1w/ (6 + (PT +y)al?) — 17
Denoting M= — M —, we obtain that:

(1-BM)(1—(rga+mBB—1)BM)

9l —~ (WGG—BM\(WGG‘FWBB—U) Li—¢ + (1 = mgg) Li=B
Ju | =M / >0 (40)
B (1-7pB) Li=g + (7TBB — BM(rge + BB — 1)) li=p
Differentiating equation with respect to y; finally yields:
0Qx 0P
—— =fM(——+1 41
a0, B ( o0 + li=a). (41)

D.3 Back to Proposition

Using and with Lemma we deduce the impact of a mean preserving spread of dividends
on security quantities (recall that V[y] (E[y]) is the variance (mean) of the dividend process):

ozt 2—mge — T 1
L pf _ GG BB
n (P +y) =K = >0,
aVly] E[y] cst 2(ye —yB)(1 —7mca) 1 — (ree + g — 1)BM
! 2— — 1 2— —
(P - K) s _ _2_TeG —TBB _ TBB MGG _
oVlyl Ely] cst 2(yec —yB) 1- (ree + 7 — 1)BM (1—-7gB)(1 —7aa)

The derivatives of the asset price in relative to V[y] can be expressed as (I = B, G):

2(yG7yB) 0P, . 1 (7TGG+7TBB*1)5M
B = (Li=g — Li=B) —
—76c =78 OVI[Y]| 5 o 1 =7u1— (rgq +npp —1)BM
0 2
We deduce %[Gy} . av[y] ‘ since we have from . 8‘921 Sl ] Tk GmM > 0.

E Proof of Proposition

We consider the evolution of prices and quantities around the symmetric equilibrium o' = a? = a,

where the asset prices are P2 and P3 and those of the options are, respectively, Q% and Q%:

/ 2 14 s
P;=p Z Th,j <1+a<u <5—|—(Pj —|—yj)nl+772) —1)>(Pj +95),

j=B,G

\%4
Qk = Pic (1 +a (u (6+ (P& +ya) M) - 1)) (P& — K).
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E.1 Quantities
Differentiating and (20) wrt of (a! = 1,2) yields (close to the symmetric equilibrium):

axl 771772 U/(5+(P§+y3)#)71

1
n (P +yB) iyl (Li=2 — 17;:1) ,
Jda nt + n? au”<5—|—(P5 +yB)17+77>
s \%4
ozt Ost 771 2 o 6+(PG+yG) T2 -1
771(PG+ZJG)@+771(PG—K)8&¢ = (Liz2 — 1i=1) iU < Kl )

nl + n? au (5+ (PCS; + yg) nlznz)

We deduce that 8”” > 0 and 85 < 0 whenever condition holds.

E.2 Prices

We differentiate the expressions of both asset and option prices with respect to o (i = 1,2) in the
neighborhood of the symmetric equilibrium:

OP, 771 1= + 772 1,=2 J
;=0 T2 Z Tk A+ 5 Z T, M i’
Oa nt+n i“Be isBa 8

(P +y;)V u" (0 + (P} + ;) )

v
With:M-zl—i—oz(u/((S—&—(P-s—&—y‘))—1) 1+ -
J 7Ty w4 Yy

s 14 s

Using matrix notation, we obtain after denoting MGB =1- frgecMg — BreMp + B*(rcc +
TBRB — 1)MgMB'

Mep { %PG ] Fl "oy +7°Liy { (rea — BMp(mce + 7B — 1))Ac + (1 — mcq)AB ] <0
S Nl + n? (mBp — BMa(maa + 7 — 1))Ap + (1 — mB)Ac '
Analogously for the option price, we have:
Q. — O0Pg n'li=1 4+ 1n°1li=2 / 1%
k ke 5+ (P — )~ 1}(Pg - K).
Do B, Me 90 + S T, (W (0 + ( G+yG)n1 +772) (P& )

— s P5 — K)—Y5u" (6 + (P& + -
with: Mg—l—l—a<u/(5+(PG1+yG2)V)—1> 1 (7& ) +n 0+ (PG yG) +7l z) .
n+n (6+(P9+yG)n+n)_1

We easily deduce that 6QG > BQB > 0, which proves the last result in Proposition

F Extension to heterogeneous suboptimal production levels

In this section, we show that allowing agents to be endowed with heterogeneous levels of suboptimal
production may make our results consistent with those of Franke, Stapleton, and Subrahmanyam
(1998). We assume that type-1 and type-2 agents have access to different suboptimal production
levels denoted respectively d; and do. The rest of the setup is unchanged. As long as §; and
0o are not too different from each other, we can still prove the existence of an equilibrium as in
Proposition

In this setup, we can prove the following lemma:

Lemma 2 (Portfolio holdings with heterogeneous 0) Assume that type-1 and type-2 agents

are endowed with different suboptimal production levels denoted respectively 6* and 62, as described
above. If 61 > 62, there exist probabilities a* > o2 such that:
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o type-2 agents hold a greater quantity of assets than type-1 agents, i.e. x2 > x' > 0;

o type-2 agents sell options to type-1: s> <0 < s'.

According to Lemma [2] despite the fact that type-1 agents face a higher probability of losing
their production opportunity, they hold riskier portfolios: they hold less stocks and sell call options
(and thus insurance) to type-2 agents
Proof. It is rather straightforward to show pricing equations and generalize to (k = B,G
and i = 1,2):

Py =B (14 (W (6" + (Pe + ya)z' + (Pe — K)s') — 1)) (Pe + ye) (42)
+ B (1+a' (W (6" + (Ps +yp)z') — 1)) (Ps + yB),
Qr =B (14" (W (6" + (Pe +ye)r' + (Pe — K)s') — 1)) (P — K). (43)

Market clearing conditions and still hold. Equations and imply that equations
(19) and characterizing the participation of both agents types to both markets become:

al (u’(51 + (Pg +yp)at) — 1) =a? (u’(52 + (Pg +yp)z?) — 1) , (44)
o (W (8" + (Pg +yc)z' + (P — K)s') — 1) = o® (W (6* + (Pe + yo)2° + (Pe — K)s®) — 1)..
(45)
Let us first assume that o' = o?. Equations and imply:
9 L 61 _ 52
¥ —a'=— >0,
P +yp
P, — (P,
ol 2 — (Pe +ya) —( B+yB)((51—(52) < 0.
Pp +yp

If a! = a2, type-2 agents hold more stock than type-1 and sell them calls. By continuity of (44)
and (45) in o! and o2, we can find two values a' > a? such that 22 — 2! > 0 and s! — 52 > 0,
which concludes the proof. m

G Extension to a three-state economy with riskless bonds

In this section, we provide a detailed presentation of an extension of our setup to a three-state
economy with riskless bonds. More formally, we consider an economy similar to the one described
in Section 2 of the paper. We introduce a riskless bond that pays off one unit of consumption in
every state. The size of the risky tree is still denoted Vx > 0, while we assume that the net supply
of bonds is denoted Vg > 0. We denote b: the bond holdings of agent i at date t. The option is
still in zero net supply. We further assume that agents cannot short-sell the bond. The program

BHowever, since §' > §2, it would be misleading to say that type-1 agents bear a higher individual risk than
type-2 agents.
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of a type-i agent can be expressed as follows:

- max Ey Zﬂt (u(ci) - ei) (46)
(c17627$;7b;7(‘9? )h)tZO +=0
. . . H . . . .
stec)+ P+ Riby + Y Qs = &lel + (1 - €)d (47)
h=1
. . H .
+ (P +y) vl + b+ Y (P — KTt (48)
h=1
ci >0 and ef; >0 (49)
. . H .
Py + R+ Y Qs >0, (50)
h=1
z( >0, by >0, (51)
l
> Qs < Piay? + Rib, (52)
h=1
. i\ g . 0N 1 . i\ hi o
tliglo BtE, [u’(ct)xt] = tlggo BYE, [u’(ct) bt] = tliglo BE, [u’(ct) Sy Z} (h=1,....,H), (53)
{00, s8t sTgh o) are given. (54)

To express market clearing conditions, we need to adapt the definition of the distribution A!
of type-i agents that is now a function of all security holdings, including bonds, and labor status
using the probability measure A? : B(R)?*+# x B(E!) — [0,1]. This probability measure can be
interpreted as follows: AL(X, B, S, ..., SH I) (with (X, B,S',..., 87 I) € B(R)**H x B(E")) is
the measure of agents of type 4, with stock holdings « € X, bond holdings b € B, option positions
sh € 8" (h =1,...,H), and with an individual history ¢ € I. Using these probability measures,
market-clearing conditions become:

> / N (dx,db,ds*, ... ds" d¢) = Vx, (55)
i=1,2 /RIFIXE

> / bAi(dx,db,ds", ... ds", dE) = Vp, (56)
i=1,2/RIFIXE

Z/ sPAi(dx,db,dst, ... ds™ d&) =0 (h=1,... H). (57)
i=1,2/ RPTA X B!

The equilibrium is defined very similarly to Definition

Definition G.1 (Sequential competitive equilibrium in an economy with bonds) A se-
quential competitive equilibrium is a collection of consumption and effort levels (¢}, e})t>0, of stock

demands (x);>0, of bond demands (bi)i>o, of derivative demands (s;”, .. .,sf’l)tzo fori=1,2
and of security prices (Py, Ry, Q¢)i>0 such that for an initial distribution of security holdings, and
of idiosyncratic and aggregate shocks {(z 1, b 1, s ... ™ €8)iz1.2,90}, we have:

1. Individual strategies solve the optimization program (@) when prices are given;

2. Security prices adjust such that security markets clear at all dates and equations 7
hold;

3. The evolution of the probability measure A\; is consistent with individual choices.

Provided that security volumes Vx and Vp are not too large, that heterogeneity remains limited
and that condition still holds, we can prove the existence of a limited-heterogeneity equilibrium

23



characterized by the set of quantities and prices (x%,b%, st, Py, R, Qk)iiﬂﬁg solving the following
equations (k=1,...,n, h=1,...,H and i = 1,2)@

n H
Pe=BY m(l+a' W@+ (P +y)xh + b+ > (P — K Fsph) = )P + ;)
j=1 h=1

Re =B mej(1+ai (W6 + (P +y;) x}, + b, +ZP KITsity - 1))

i=1
Qb =B mry (14" (W' (6 + (P +y;) wh + b, + Y (P — Kf)Tsp') = 1) (P — Kf)*
j=1 I=1

Vx =n' x4+ o,
Ve = 0" by + 17 b3,
0_771 h1+7728h2
i
We further simplify the model along the lines of Section
1. There are three states of the world n = 3 that we denote G, M and L (from good too bad)
and that one single call is traded (H = 1).

2. Aggregate states are persistent, i.e. mgg + mym + 7B > 1.

3. The utility function u is such that lim._, ., u’(c) = 0 and:
u’(6+ X)
WO+ X)-1
4. The strike K of the option is such that the option exactly pays off in the good state G of

the world.

There are three non redundant securities and three states of the world. Every agent type therefore
holds a security portfolio, which is independent of the state of the world. The simplified equilibrium
is then characterized by 15 variables {z', 2% b,b?, s, 5% Pg, P, P, Rg, Ru, R, Qc, Qu, QB }

together with the following eight equations:

X—-X is increasing for X € [0,u'71(1) — §).

at (v'(6 + (Pp + yB)z' + bty — 1) = o? (W' (6 + (Pp + yp)z? +b%) — 1) (58)

al (u'(6+ (Par +ym)a +01) = 1) = o® (u'(6 + (Pu +yar)a® +6%) — 1) (59)

ol (u'(5 + (Pg + yG):L’l +ot + (Pg — K)sl) — 1) =a? (u'(5 + (Pg + y(;)a:2 + b2+ (Pg — K)s2) — 1) (60)

Ppr=8 Y m;(Q+a (W (54 (P +yjat +b' +1—c(Pe — K)s') — 1)) (P +v;) (61)
j=B,M,G

R =0 Z ey (14 al (W (6+ (P + yj):vl +ol + lj—g(Pg — K)sl) -1)) (62)
j=B,M,G

Qk =Brrc (1+a' (W (5+ (Po +yg)r’ +b' + (Pe — K)s') = 1)) (Pe — K), k=G, B (63)

Vx =ntz! +n? 22 (64)

Ve =" b +n?b? (65)

0=n'st +n2s2 (66)

We can now state a proposition similar to Proposition [3] about portfolio compositions.

Proposition G.3 (Agents’ portfolios in a three-state economy) Type-1 agents, facing a greater
risk of becoming unproductive, choose to hold a less risky portfolio than type-2 agents. More pre-
cisely:

14We do not provide an explicit proof but it would be straightforward to follow the same lines as in Section [1| of
the Appendix.
15The main difference with our initial setup is that we require u’(c0) = 0.
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e type-1 agents hold more bonds than type-2 agents, i.e. bt > b* > 0;

o type-1 agents always sell call options to hedge their stock holdings.

Moreover, if we further assume x — —% to be weakly decreasing, we obtain that in the neigh-

borhood of Vx = 0, we have ' > z2.

High-risk agents use securities to hold less risky portfolios than low-risk agents. Indeed, high-risk
agents hold more bonds, which provide insurance in the bad state of the world and they sell calls,
which allow smoothing out payoffs of stock holdings. The position in stocks of high-risk agents
can be smaller or greater than the one of low-risk agents. The intuition is the following. Bonds
are mainly purchased to provide insurance in the bad state, but they also payoff in the medium
state. If bonds provide insufficient insurance in medium state, high-risk agents will need to further
purchase stocks and their holdings will be larger than the ones of low-risk agents. Conversely,
if bonds provide “too much” insurance in medium state, type-1 agents will hold less stocks than
type-2. We prove that this latter case never holds when few stocks are available and when agents
have DARA utility.

Portfolio compositions in the extended economy with three states and riskless bonds are therefore
very consistent with our findings of Proposition [3} high-risk agents hold less risky porfolios than
low-risk agents.

Proof. We denote v}, = u'(d + (P; +y;)z ko bk) and ul e =u"(6+ (P + y;)zk —|—bk) fork=1,2
and j = B, M,G. We consider the two equations | and . together with (| and (| . in
s and z! Values Py 4+ yy and P + yp are con31dered as distinct ﬁxed parameters Parameters
a! and o? can be varied. Remark that for a! = a2, we have z! = 22 and b' = 2. Computing the
derivative of and with respect to a! yields
Ox! ob! U;'J -1
B4 9561 ¥ 3t = " alul, T a2,

and

1 1 1 ob! . 1 1
Pp+yB B Py + ymr @ dal —(Pp+yB)u's + —(Pp+yB)u'g 5 N —(Py+ym)uyy T —(Prr+ynm)ufy 5

! ! ’
up—1 upg ,—1 uM,l 1 uhp o=l

Let us assume (Py + yar) > (Pp + yp) (note that if we make the reverse assumption, the result
still holds; both inequalities below will be reversed). We have using Assumption about utility
shape:
S S Lot uhyy -l - up, — 1
Pg+yp Py+ym’ 0ol aluy, |+ a?uf, aluf | +a?uf,

which implies

1 1 abl
— — > 0.
Pg+ys Py +yu ¢ 9al
Therefore (Pps + yar) > (P + yp) implies % > 0. Market clearing implies then that b' > b2,

which proves the first part of the proof.
Regarding s!, we define the following function of s':

Y(s') =o' (W (0 + (Po+yc)z' +b" + (Pe — K)s') — 1)
1
—a? <u'(5 + (Pg + ya)z® + bv* — (Pg — K)%sl) - 1) ,
which is a strictly decreasing function of s'. To prove that s' < 0, it is sufficient to prove that
¥(0) < 0. To do so, let us consider 1y : 7 +— al (u/(§ + wz! +b') — 1) —a? (v (6 + m2? + b?) — 1).
The function 1y admits at most two zeros, which are Pg + yg and Py + yps. Therefore, since
Pg +ye > P+ ys, Pym + yar (since the option only pays off in the best state by construction),
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ﬁo(PM + yar) has the sign as as — a3 < 0. We deduce that @O(PM + ym) = ¥(0) < 0, which
implies s* < 0. This proves the second part of the proof.
If |Vx| < 1, we obtain developing and at the first order in z! and 22
1u”(6+bl) 2u”(5+b2)

WG W)

u//(a:)
u'(2)

u//((Serl)

Since b' > b2 and if we further assume z — — to be decreasing, we obtain 0 < — T <

_ u”(5+b2)
W (0+0%)

and ! > 22, which terminates the proof. m
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